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Abstract: This study begins with the construction of type-II Smarandache ruled surfaces, whose base 
curves are Smarandache curves derived by rotation-minimizing Darboux frame vectors of the curve 
in E3. The direction vectors of these surfaces are unit vectors that convert Smarandache curves. The 
Gaussian and mean curvatures of the generated ruled surfaces are then separately calculated, and 
the surfaces are required to be minimal or developable. We report our main conclusions in terms 
of the angle between normal vectors and the relationship between normal curvature and geodesic 
curvature. For every surface, examples are provided, and the graphs of these surfaces are produced. 
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1. Introduction 


One of the branches of classical differential geometry that has been explored by a 
number of researchers is the theory of ruled surfaces. A ruled surface is one that has at 
least one straight line passing through each point on the surface that is also on the surface. 
One way to conceptualize a ruled surface is as one that is “swept out” by a moving straight 
line in space. Cones and cylinders are basic instances of ruled surfaces. Architects are 
interested in more intricate ruled surfaces, particularly when it comes to free-form building 
and intricate designs. In contemporary design, there are several instances of ruled surface 
structures, such as saddle roofs (hyperbolic paraboloid) and cooling towers (hyperboloid). 
A ruled surface is often described as a collection of a family of straight lines that are reliant 
on the parameters, called the rulings, of the ruled surface. The parametric representation of 
a ruled surface is I'(s,v) = r(s) + vX(s), where r(s) is the base curve and X(s) specifies the 
rulings directions [1]. Many practical uses arise out of the study of developable surfaces. 
Studies on developable surfaces are widely available. A surface that can be developed into 
a plane without changing the surface metric is called a developable surface. Studies of 
developable surfaces of space curves from the perspective of singularity theory have been 
documented in the literature. The governed surface that results from the tangent lines of 
a space curve is called the tangent developable surface. Tantent developable surfaces are 
crucial to the duality theory of algebraic geometry. From differential calculus, singularity 
theory is a branch of mathematics that has applications in physics, astronomy, and geometry. 
Some of key investigations on the submanifold theory and singularity theory have been 
presented in [2-5]. The developability and minimalist principles of surfaces are two of 
its key characteristics. The investigation of ruled surfaces with various moving frames 
provides one of the most fascinating features (see [6—11)). 

In Euclidean and Minkowski spaces, the Smarandache curve is the curve whose 
position vector is created by Frenet frame vectors on another regular curve [12-14]. Recent 
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studies on Smarandache curves in Minkowski and Euclidean spaces have been conducted 
by a number of researchers [15]. 

In this study, the requirements of type-I] Smarandache ruled surfaces are specified by 
using the rotation minimizing Darboux frame in E°. Furthermore, we address the geometric 
analysis of a particular kind of ruled surface, namely the type-II Smarandache ruled 
surfaces associated with the space curves as a basic example for studying the manifolds 
with the largest dimensions in Euclidean 3-space. We examine the sufficient and necessary 
requirements for these surfaces to be minimal and developable. We report our main 
conclusions in terms of the angle between normal vectors and the relationship between 
normal curvature and geodesic curvature. The organization of this work is as follows: 
In Section 2, we review the concepts of ruled surfaces in Euclidean space, Smarandache 
curves, Frenet frame, and Darboux frame. In Section 3, we derive some of the geometric 
characteristics of the type-II Smarandache ruled surfaces, which we define due to rotation 
minimizing Darboux frame whose a director curve and base curve are Smarandache curves. 
We give an example in Section 4 that emphasizes the most significant findings in this work. 


2. Preliminaries 


Let p(s) = M(u(s),v(s)) be a unit speed regular curve lying on a surface M(u,v) in 
E°. Let {T, N, B} denotes the moving Frenet frame of ¢, then {T, N, B} satisfying [1]: 


a{ Te) 0 xs) 0 T(s) 
a N(s) | =| —x«(s) 0 T(s) N(s) |, (1) 
°\ B(s) 0 -t(s) 0 B(s) 


where (T,T) = (N,N) = (B,B) = 1and (T,N) = (T,B) = (N,B) =0. 
For any arbitrary curve g with t £ 0 in E>, the Darboux frame of @ is given by [16]: 


F T(s) 0 Ke(S)  Kn(s) T(s) 
| Ns) J=| els) 9 els) J | NOs) J, @) 
G(s) —Kn(s) —T(s) 0 G(s) 


where N is the surface normal and G = N x T. The geodesic curvature xg, normal curvature 
Kn, and geodesic torsion T, that connects the curve g on M are given as 


Ke =(1'7G), ie ={T,N), t= (CN). (3) 


The rotation minimizing Darboux frame (RMDF) {T, P,, P2} of curve g on the surface M is 
defined by [17,18]: 


a{ TO) 0 &1(s) €2(s) T(s) 
qa\ Pils) | =| —Sils) 0 0 Py(s) |, () 
P2(s) —C2(s) 0 0 P2(s) 


where the RMDF curvatures are obtained as follows: 


C1 = Kgsin 8 + kK, cos 8, 


(5) 


C2 = Kn sin — Ke cos, 


s 
where 0(s) = | Teds is the angle between vectors N and P}. The relation matrix between 
0 


frames may be expressed as: 


T(s) i 0 0 T(s) 
P;(s) = 0 sind(s) cos ¥(s) N(s) ) (6) 
P,(s) 0 —cos8(s) sin d(s) G(s) 
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The surface formed by a line moving depending on the parameter of a curve is called a 
ruled surface and its parametric expression is as follows: 


Y(s,v) = 9(s) + 0X(s). 7) 


The normal vector field, the Gaussian and mean curvatures of Y(s, v) are given by 


Na ex Ye xe eg — f? _ Eg—2fF +Ge 
Ye * Yul’ EG — F?’ 2(EG — F?) 
We also know that 
E=(Ys,Ys), F=(Ys,Yv), G=(Yv,Yv), 
and 


e= (Yss,N), f = (Ysv,N), §= (You, N), 


where E, F, G are the first fundamental coefficients and e, f, and g are the second funda- 
mental coefficients of Y. 
The Smarandache curves of the curve ¢(s) is defined as follows: 


(T(s) + Pr(s)). 


TP,-Smarandache curve ¥1(s) = 


T P>-Smarandache curve 72(s) = 


3. Type-II Smarandache Ruled Surfaces Due to RMDF 


The curve 9(s) on the surface M caused by RMDF serves as the parametric represen- 
tation of type-II Smarandache ruled surfaces in this section. In addition, we assess the 
prerequisites that make it possible for these surfaces to be minimum and developable. 


3.1. Type-II Smarandache Ruled Surfaces along y,-Smarandache Curve 


Definition 1. The type-II Smarandache ruled surfaces due to RMDF in E° generated by continu- 
ously moving vector 1 along y,-Smarandache curve is defined by 


¥(s,v) = 1(s) tum (s). (8) 
Theorem 1. The type-II Smarandache ruled surface ¥ = ¥ (s,v) is developable. 


Proof. Consider the type-II Smarandache ruled surface ¥ = ¥(s,v) given by (8), then the 
velocity vectors of ¥ are given by 


Ys = ass Gil Fei GoPs|, 
y2 | (9) 


Then, the normal vector field Nw of the surface ¥ is obtained as 


Ys x Fv —CoT +02 P, — 201 Po 


[Pax Fol 24/02 + x2 


Ny 
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Hence, it can be easily seen that the first fundamental coefficients of Y are 
erly ie. 
" 2 - | (10) 
F=0, G=1. 
Taking the derivative of (9) with respect to s and v, we find 
= at ts N / 2 | I 
Y= [GFT HG DA + -Gaea)P, 
=e (11) 
¥sv al aus t G1 Py T CoPr|, 
Poy = 0. 
Hence, it can be seen that the coefficients of second fundamental form of Y are 
v+1 
@ = a [0a (x + CF) + (Coa — 0105)], 
ale +x (12) 
f=0, g=0. 
As a consequence, we obtain 
Ky =0, 
—_ Co(x + 02) + 2(21 00 6160) (13) 


24/3 +12 


2(v + 1)(¢2 + x2)? 


which concludes the proof. 


From Theorem 1, we have the following immediate results. 


Corollary 1. Let ¥Y = ¥(s,v) be a type-II Smarandache ruled surface. Then, the s-parameter 
curves of ¥ are not geodesic but v-parameter curves are geodesic. 


Proof. Let ¥ = ¥(s,v) defined by (8) due to RMDF (4) in E3 be the type-II Smarandache 
ruled surface. Since 


{ [ales C102) — 201 (04 — Of) | T — [201 (24 + 22) + $2(05 — 2102) | Pa 


+ [GalCh — C2) — Salch + 62) Po} #0, 


and Yu» x Ny = 0. Then, the s-parameter curves of Y surface simultaneously are not 
geodesic and the v-parameter curves of Y simultaneously are geodesic. 


Corollary 2. Let ¥Y = ¥(s,v) be a type-II Smarandache ruled surface. Then, the s-parameter 
curves of ¥ are not asymptotic but v-parameter curves are asymptotic. 


Proof. Let ¥ = ¥(s,v) defined by (8) due to RMDF (4) in E3 be the type-II Smarandache 
ruled surface. Since 


(v +1) [Z2(20, — 07 + x) — 201 (25 — 2122) | 
24/07 + x2 


and (¥uv,Ny) = 0. Thus, the s-parameter curves of Y surface simultaneously are not 
asymptotic but the v-parameter curves of Y¥ simultaneously are asymptotic. 


(Ys, Ny) — 


0, 
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Corollary 3. Let ¥ = ¥(s,v) bea type-II Smarandache ruled surface. Then, the s and v-parameter 
curves are principal curves. 


Proof. Let ¥ = ¥(s,v) defined by (8) due to RMDF (4) in E? be the type-II Smarandache 
ruled surface. Since 
(Ys, Lv) = (Ysoy Ny) = 0. 


Therefore, it is clear that both s and v-parameter curves are principal curves. 


Definition 2. The type-II Smarandache ruled surfaces due to RMDF (4) in E> generated by 
continuously moving vector 2 along y;-Smarandache curve is defined as follows 


I'(s,v) = 71(s) + vy2(s). (14) 


Theorem 2. The type-II Smarandache ruled surface T = I'(s, v) together with kg(s) A Kn(s) is 
developable iff one of the following conditions holds 


a (Kn 

i. O(s) = —tan (=). 
Kn +K 

ii. 0(s) = tan“! =) 
Kn — Kg 

Proof. Consider the type-II Smarandache ruled surface T = I'(s, v) given by (14), then the 

velocity vectors of I are given by: 


1 
[= al (Ci + vGo)T + (v4 Ve1Pi + (v + WeaPa|, a5 


Then, the normal vector field Np of the surface I is obtained as: 
(v+1)01 T+ [01 + (20+1)22] Py — (v+1)h1 Pe 
; : 
/2(v +122 + [er + (20 + 12] 


Hence, it can be easily seen that the first fundamental coefficients of I are: 


Ny = 


1 (16) 
F= 5 [62-61], G=1 
Taking the derivative of (15) with respect to s and v, we find 
Ts5 = “at [f+ 0h + (Ut 1)? |T + [(0 +1004 — 01 (01 + 002) | Py 
+ [(v + 1)2— Ca(Ea + 000) Pr}, ay 
Tw = Ze [-GT+GP +P], 
Typ = 0. 


Thus, it can be seen that the coefficients of the second fundamental form of I are: 
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1 
V2y/2(v +1203 + [C1 + (20+ 1)o2)° 
~ (w+ 1b [Eh + (20+, + Co(Er + v2) + (V+ )e4]}, 
f= CilCr—2) 
2) 
V2y/2(v +1262 + [fr + (20 + DE] 
g=0. 


e 


{ [G1 + 2v+1)es] [CV + 14 — 1G + 062) 


(18) 


y 


As a result, we derive 


C3 (21 — 22)? 


K = y 
‘ [et + v2G3 + (v + 1)(ve? + 20162)| [2(v + 1/267 + [fr + (20 + NE}’] 
{ [21 + (v +2)G2] [(u + 1) 04 — C1 (Ca + G2)] — (V+ 1)Er [2 + (v+2)05 } (19) 
Hp = +l2(Z1 + 2) + (v + 1)K?] — 01 (01 + 2) (vo2 — 01) 


V2y/2(v + 1203 + [a + (20+ 1)ea]? [CF + 073 + (v+1)(v"? +20100)] | 


Combining the above equation with (5), we conclude the proof. 


As a consequence of Theorem 2, we obtain the following results: 


Corollary 4. Let T =[(s,v) be a type-II Smarandache ruled surface. Then, the T has constant 
Gauss curvature iff €1(€1 +2) = c for some non-zero constant c. 


Corollary 5. Let T = I'(s,v) be a type-II Smarandache ruled surface. Then, the s-parameter 
curves of I are not asymptotic but v-parameter curves are asymptotic curves. 


Remark 1. The proof of Corollary 4 and 5 is similar to the proof of Corollaries 1-3. 


Definition 3. The type-II Smarandache ruled surfaces due to RMDF (4) in E> generated by 
continuously moving vector y3 along y,-Smarandache curve is defined as follows 


A(s,v) = ¥1(s) + v73(s). (20) 


Theorem 3. The type-II Smarandache ruled surface A = A(s,v) defined by (20) due to RMDF 
(4) in BS. If ke(s) A +kn(s), then A is developable iff one of the following conditions holds 


Proof. Consider the type-I] Smarandache ruled surface A = A(s,v) given by (20), then 
A’s velocity vectors are given by: 


1 
Ag val [(v + 1}oa + wea] + CPi + oP], - 
Av — ah + P,) 
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The normal vector field of the surface A(s, v) may be ascertained by taking the cross-product 
of the partial derivatives of the surface given by Equation (21). Then, we have 


(1 — G2) T— [(v + 1)01 + veo] (Pi +P) 
Va —S2)2 + 2[(v + Der + 063] 


From Equation (21), we can obtain the A’s quantities of first fundamental form are: 


Na = 


E= 5 |x? + [(v +10 + v62]"], 


1 (22) 
= 5 [f+ £9], G=1. 
Using (21)’s second derivative with regard to s and v, we have 
Ae = val [xP + op + (V+ UST + [C4 — Sa [(v + 1)ea + vl2)] Pr 
. Ca[(v+1)01 4 vt2]|P2}, (23) 
Asy = V2 [é + a T, 
Avy = 0 
Then, A’s quantities of second fundamental form are: 
e= = 5{(f C2) [x7 + 005 + (v+1)04] 
V2y) br — 02)? +2 [fr + (V+ Dea + v0] 
— [(U+1)e1 + vba] [25 +05 — (Cr + %) [0+ Yo + vba] }, - 
= — GF 
V2y (ea — be)? +2 [Er + (0+ Dea + 063)” 
g=0. 
As a result, given the facts above, we are able to Ka and Hy are given by: 
_ (ey 
. 2 a. 1 v] > 2" 
[2 + [(o+ 1) + vba}? = 5 [La + Sa)"] [Gr — G2)? + 2[ea + (W + ea + v02)"| 
{ (1 — G2) [x2 + (01 +2)? + 005 + (v+1)04] } (25) 
me [(v +1)01 + 062] [0 + 05 — (01 + G2) [(U +101 + v6 2]] 


V2 Gi ~ So)? + 2[f1 + (OF ka + vba)” [x2 + [(0 +E +002]? — Flea teal?) 


So, from Equation (5) the proof is ended. 


In the same way, as for the proof of Corollaries 1-3, we can prove the following results: 


Corollary 6. Let A = A(s,v) be a type-II Smarandache ruled suas defined by (20) in E° via to 


RMDF (4). Then, the A has constant Gauss curvature iff 0 = + 7. 


Corollary 7. Let A = A(s,v) be a type-I Smarandache ruled surface defined by (20) in E3 via 
to RMDF (4). Then, the s-parameter curves of A are not asymptotic but v-parameter curves are 
asymptotic curves. 
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3.2. Type-II Smarandache Ruled Surfaces along y2-Smarandache Curve 


Definition 4. The type-II Smarandache ruled surfaces due to RMDF (4) in E> generated by 
continuously moving vector 1 along y2-Smarandache curve is defined as follows 


O(s,v) = 72(s) + v1 (s). (26) 


Theorem 4. The type-II Smarandache ruled surface © = ©(s, v) defined by (26) due to RMDF 
(4) in E>. If x.(s) # Kn(s) then © is developable iff one of the following conditions holds 


Proof. Consider the type-I] Smarandache ruled surface © = ©(s, v) given by (26), then 
©’s velocity vectors are given by: 


O, = ral (uy +O2)T +4 LeiPi + (v+1)eoPr], o 


Oy = G(T +A). 


The normal vector field of the surface @(s, v) may be ascertained by taking the cross-product 
of the partial derivatives of the surface given by Equation (27). Then, we have 


(o+1)01T + (vu +1)oP) — [2 + (20+1)Gi|P 
J(u +1)? + b + (20+ 1G? 


From Equation (27), we can obtain the ©’s quantities of first fundamental form are: 


No = 


c= [(o 1)?x* + (vg, 4 oo), 
: (28) 
F=5(4 +0), G=1, 
Using (27)’s second derivative with regard to s and v, we have 
7 Zl [oo + 0th + (vt 1m] T + [(v + 1)04 — Ca (ver + C2)] Pa 
a c +1)05 — €2(ve4 + ¢2)] Pal, (29) 
Osv = val ae ee ai CoPr|, 
Ovy = 0. 
Then, ©’s quantities of second fundamental form are: 
{ (U+1)02 [05 + (20 +.1)2) + (U+1)x? — f1 (ve, + %2)| \ 
pe — [G2 + (20 +1)01] [(v +1905 — S2(vei + 2)] 
V2y/2(v+ 12 + [22 + 20+ Dea]? : 
ee Ga(C1 = C2) (0) 
V2y/2(v + 1)2x2 + [> + (2v4 tj)" 
g=0. 


As a result, given the facts above, we are able to see that Kg and Hg are given by: 
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K y 
7 [(v + 1)2x2 + (vl +f)? = (Gr +)" [2(v + 1)? + [Zo + 20+ YEAI?| 
as ehr sente mie oe | (31) 
Ho — [fo + (2v +1)01] [(v +1)05 — S2(vea + 22)] . 
2V2|(v + 1)2x2 + (vg, + 02)? — 5 (214 o2)"] [20 1)?x2 + |) + (2v4 We)"]? 


So, from Equation (5) the proof is ended. 


In the same way, as for the proof of Corollary 2, we can prove the following result: 


Corollary 8. Let © = O(s,v) bea type-I Smarandache ruled surface defined by (26) in E3 via 
to RMDF (4). Then, the s-parameter curves of © are not asymptotic but v-parameter curves are 
asymptotic curves. 


Definition 5. The type-II Smarandache ruled surfaces due to RMDF (4) in E> generated by 
continuously moving vector 2 along y2-Smarandache curve is defined as follows 


Y(s,v) = 72(s) + v72(s). (32) 


Theorem 5. The type-II Smarandache ruled surface Y = Y(s,v) defined by (32) due to RADF 

(4) in E? is developable iff one of the following conditions holds 

; _ 1 (Ku 

i. O(s) =—tan (=). 
K 

i. Os) tan |}, 

ii (s) = tan & ) 

Proof. Consider the type-II Smarandache ruled surface Y = Y(s, v) given by (32), then Y’s 

velocity vectors are given by: 


v+1 
Coli GP 24 


Bote 


The normal vector field of the surface Y(s, v) may be ascertained by taking the cross-product 
of the partial derivatives of the surface given by Equation (33). Then, we have 


Y= 
(33) 
Ve 


— Gil Feta h + $1 Py 
24/265 + OF 


From Equation (33), we can obtain the Y’s quantities of first fundamental form are: 


Ny 


B= 5[+97G +203)], 


(34) 
F=0, G=1. 
Using (33)’s second derivative with regard to s and v, we have 
Ya= clas (x7 + O5)T + (1 — 102) Pi + (0 — «*)Py], 
J2 
or (35) 
Yoo = Fy[—GT +211 + 2Pa], 
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Then, Y’s quantities of second fundamental form are: 


(vu +1) [0105 + 2042 — Sr (x? + 25 +323)] 
2/3 +263 
See (36) 
(3 +28 
g=0. 


As a result, given the facts above, we are able to find that Ky and Hy are given by: 


28 
(v +1)2(7 + 203)’ ies 
fe 2012 + 0105 — 30103 — C1 (x? 4 Go) 


2(v +1) (2 + 2¢3]2 


So, from Equation (5) the proof is ended. 


In the same way, as for the proof of Corollaries 1-3, we can prove the following results: 


Corollary 9. Let Y = Y(s,v) be a type-II Smarandache ruled surface defined by (32) in E3 via 
to RMDF (4). Then, the Y has constant Gauss curvature iff K, and Kg satisfying the condition 
2knky — (Ko + Ke) sin 20 = c for some non-zero constant c. 


Corollary 10. Let Y = Y(s,v) be a type-II Smarandache ruled surface defined by (32) in E via 
to RMDF (4). Then, the s-parameter curves of Y are not asymptotic but v-parameter curves are 
asymptotic curves. 


Corollary 11. Let Y = Y(s,v) be a type-II Smarandache ruled surface defined by (32) in E° via 
to RMDF (4). Then, the s-parameter curves of Y are principal curves but v-parameter curves are 
not principal curves. 


Definition 6. The type-II Smarandache ruled surfaces due to RMDF (4) in E> generated by 
continuously moving vector 3 along y2-Smarandache curve is defined as follows 


O(s,v) = 72(s) + v7a(s). (38) 


Theorem 6. The type-II Smarandache ruled surface OQ. = O(s, v) defined by (38) due to RMDF 
(4) in BS. If ke(s) A +Ky(s), then O is developable iff one of the following conditions holds 


Ky +K 
i, O(s)=tan (“—5) 
Kn — Kg 
Ky —K 
ii. 0(s) =—tan7! ( 3) 
Kn + Kg 


Proof. Consider the type-I] Smarandache ruled surface O = O(s, v) given by (38), then 
O/s velocity vectors are given by: 


1 
Os = al [vgi+ (v4 Go] T + CPi + CoPa|, fais 
Qy = — (P + Py). 
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The normal vector field of the surface O(s,v) may be ascertained by taking the cross- 
product of the partial derivatives of the surface given by Equation (39). Then, we have 


(C1 — G2) T + [v1 + (v +1)2] (Pi + Pa) 
Ver —%2)2 + [oti + (V+ DOI? 


From Equation (39), we can obtain the ’s quantities of first fundamental form are: 


No = 


E= (” + [vl1 + (v4 1)é2]"], 


; (40) 
= 5 [oi + 9], G=1. 
Using (39)’s second derivative with regard to s and v, we have 
Oss = val [x + veh + (V+ 1)Ga]T + [64 — br [vba + (v + 1)o2]] Pa 
+ [05 — 02 [vi + (v+ 1)é2]] Pa, an) 
Q., = Tit $2)T 
SU i y 
Oop = 0. 
Then, ’s quantities of second fundamental form are: 
(Zo — 01) [> + vf + (v+1)05] + [ver + (V+ 1)09] 
[eh +05 — (Gr + Sa) [oda + (v +1) a) 
e= , 
V2y/ br — 2)? +2[ve1 + (0+ DE]? a 
f- 3 - 
V2y (er — GP + 2[vla + (0+ DE]? 
g=0. 
As a result, given the facts above, we are able to Kg and Ho are given by: 
Key = =a) 
a 5 7 
[foes + (v+1)f2]" — x? are] [gs 02)? +2[ve1 + (v+1)02] 
(f1 + G2) (63 — 3) + (G2 — 01) [x? + v0 + (v +1) 85] (43) 
Z + [ver (v + 1)o] [C4 + 05 — (C1 + £0) [ver + (0+ YE] 
a= 


3° 


V2[ [ver t (v4 102]? x2 20169] [a €2)* +2[vli+ (v4 1)e]"]’ 


So, from Equation (5) the proof is ended. 


In the same way, as for the proof of Corollary 2, we can prove the following result: 


Corollary 12. Let Q = Q(s,v) bea type-I Smarandache ruled surface defined by (38) in E> via 
to RMDF (4). Then, the s-parameter curves of Q. are not asymptotic but v-parameter curves are 
asymptotic curves. 


Symmetry 2023, 15, 2207 


12 of 19 


3.3. Type-II Smarandache Ruled Surfaces along -y3-Smarandache Curve 


Definition 7. The type-II Smarandache ruled surfaces due to RMDF (4) in E> generated by 
continuously moving vector 1 along -y3-Smarandache curve is defined as follows 


E(s,v) = y3(s) + vy (s). (44) 


Theorem 7. The type-II Smarandache ruled surface 2 = S(s, v) defined by (44) due to RMDF (4) 
in E3 is developable iff one of the following conditions holds 


i. 0(s) =tan7! (=), 
n 


Kg t+ (u+1)Kn i 


ii, 0(s) =tan“! e Gein, 


Proof. Consider the type-II Smarandache ruled surface E = &(s, v) given by (44), then & 
velocity vectors are given by: 


Es = Al [(u+1)01 + G2]T + 001 P, 4 vboPr|, re 


The normal vector field of the surface &(s, v) may be ascertained by taking the cross-product 
of the partial derivatives of the surface given by Equation (45). Then, we have 


v6o(T + Pi) + [02+ (2v4 1)ea] Pa 
Ver + [fo + (2v + ea] 


From Equation (45), we can obtain the &’s quantities of first fundamental form are: 


Nz = 


B= 5[e%P + [t+ w+ Del"), 
= (46) 
F=>(Gth), G=1 
Using (45)’s second derivative with regard to s and v, we have 
oN al [vx + 5+ (vt DU ]T+ [v1 — 61 [Co + 204+ Vea} Pi 
| ins Co[f2 + (20+ 1)er)] Po], a 
Esv = al Git Foie 4 CoPr|, 
Huy = 0 
Then, &’s quantities of second fundamental form are: 
{ v6 (vx? + 25 + (20 +.1)2) — 01 [2 + (204+ 1)21]] \ 
= + [G2 + (20 +101] [005 — G2 [So + ( 2y +1) er] 
V2y/ v2x2 + [G+(v+ Ie] 
= —C2[S2 + (v+1)é4] ©) 


V2y/vx + [f+ (V+ DE 
g=0. 
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As a result, given the facts above, we are able to find that Kz and Hz are given by: 


ee ~ lea + (v + DE] 
. 242 4 271 ; 2] [_.2,2 2)" 
[v2x? + [So + (v+ 1)er]? — (a + Sa)" fre? + [22 + (w+ DEA]”] 
{ Co(Z1 + G2) [G2 + (V+ 101] + veo [vm + 25 + (204 1)24 \ (49) 
ae —C1[2 + (20 +1)01]] + [G2 + (20 +101] [v5 — S2[Z2 + (20+ 1)0r]] 


2V/2[v2%2 + [Co -+(v+1)ea]” — 3 (C1 + 2)"| (v2? + [Wo + (V+ DEI]? 


So, from Equation (5) the proof is ended. 


In the same way, as for the proof of Corollary 2, we can prove the following result: 


Corollary 13. Let 2 = &(s,v) be a type-II Smarandache ruled surface defined by (44) in E via 
to RMDF (4). Then, the s-parameter curves of & are not asymptotic but v-parameter curves are 
asymptotic curves. 


Definition 8. The type-II Smarandache ruled surfaces due to RMDF (4) in E® generated by 
continuously moving vector 2 along y3-Smarandache curve is defined as follows: 


X(s,v) = 73(s) + vy2(s). (50) 
Theorem 8. The type-II Smarandache ruled surface X = X(s, v) defined by (50) due to RADF 
(4) in E? is developable iff one of the following conditions holds 
; = -1 (Kn 
i. O(s) =—tan el 
C1 _ v—-1 


11. Fer 


Proof. Consider the type-II Smarandache ruled surface & = X(s, v) given by (50), then X’s 
velocity vectors are given by: 


ie sl [21 + (U+1)02]T + 001 P; + vl2Po|, ie 


fa 1) 


The normal vector field of the surface X(s, v) may be ascertained by taking the cross-product 
of the partial derivatives of the surface given by Equation (51). Then, we have 


v61(T +P) + [21 + (204 162] Pr 
(20? + [ + [0+ (204g)? 


From Equation (51), we can obtain the X’s quantities of first fundamental form are: 


Xp = 


Ny = 


1 2 
E = =|vu*«? + [2+ (vt1)00]"|, 
al [¢1 2)’ (52) 
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Using (51)’s second derivative with regard to s and v, we have 
eS ral [vx* +01 + (vt 105] T + [001 — 01 [01 + (20+ 1002] ] Pi 
+ [005 — Galea + (v + 1)E2]] Po], os 
Bay = e[- (i+ Ga) +P + Pa], 
Lov = 0. 
Then, X’s quantities of second fundamental form are: 
{ vy [v(25 — x?) — (vu +1) (G5 — 65) — 04 — S180] \ 
+[€1 + (2v +1) 09] [voy — 01 [01 + (20 +102] 
24/2022 + [21 + (Qu + 1)f2]° 
(54) 


f1[(1 — v)21 + (20 +1)22] 
V24/20?G2 + [£1 + (20 +1)2)]"_ 


g=0. 


As a result, given the facts above, we are able to find that Ky and Hy are given by: 


C2[(1—v)fr + (204-1) 


K = y 
‘ [ vx? + [01 + (v4 1)f2]° $ (21 02)"] [202¢? + [1+ ere nel) 
{ €1(01 — G2) [(v — 1d. + (20+ VE C2] vei [v(03 — x?) — (v ap a (55) 
Hy = C1 — 102] + [01 + (20 +102] [vo} — 1 [1 + (20 +109] 


V2| vx? + [fr + (V+ 1)62]° — (Ca — G2)" [20°67 + [Za + (20 +1)e)"] 


So, from Equation (5) the proof is ended. 


In the same way, as for the proof of Corollary 2, we can prove the following result: 


Corollary 14. Let & = X(s,v) be a type-I Smarandache ruled surface defined by (50) in E> via 
to RMDF (4). Then, the s-parameter curves of & are not asymptotic but v-parameter curves are 
asymptotic curves. 


Definition 9. The type-II Smarandache ruled surfaces due to RMDF (4) in E> generated by 
continuously moving vector y3 along y3-Smarandache curve is defined as follows 


A(s,v) = 73(s) + v7a(s). (56) 


Theorem 9. The type-II Smarandache ruled surface A = A(s,v) defined by (56) due to RADF 
(4) in E3 is developable. 


Proof. Consider the type-II Smarandache ruled surface A = A(s,v) given by (56), then A’s 
velocity vectors are given by: 


(v+1) 
A= 01 +¢2/T, 

42 ae (57) 
Av = (P+ Ph) 
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The normal vector field of the surface A(s, v) may be ascertained by taking the cross-product 
of the partial derivatives of the surface given by Equation (57). Then, we have 


_ Pi -P2 
a 


From Equation (57), we can obtain the A’s quantities of first fundamental form are: 


Na 


1 2 
E = } 1 f y 
5(0+1) (G1 + &) Bs 
F=0, G= 
Using (57)’s second derivative with regard to s and v, we have 
Ass = ort {(é1 + O>)T +01 (21 + 02) Pi + 02(0 4 c2)Po}, 
V/2 
A, = eat S2)T (59) 
SU 2 y 
Avy = 0. 
Then, A’s quantities of second fundamental form are: 
(v +1)x? 
a ae (60) 
f=90, g=0. 
As a result, given the facts above, we are able to find that K, and Hy are given by: 
Ka =0, 
1 K 2 (61) 
a a 
2N Ciro 


Then, the proof is ended. 


In the same way, as for the proof of Corollaries 1-3, we can prove the following results: 


Corollary 15. Let & = X(s,v) be a type-I Smarandache ruled surface defined by (56) in E° via 
to RMDF (4). Then, the & minimal surface iff x = 0. 


Corollary 16. Let A = A(s,v) be a type-II Smarandache ruled surface defined by (56) in E° via 
to RMDF (4). Then, the s-parameter curves of A are not geodesic curves but v-parameter curves are 
geodesic curves. 


Corollary 17. Let & = X(s,v) be a type-II Smarandache ruled surface defined by (56) in E via 
to RMDF (4). Then, the s-parameter curves of & are not asymptotic but v-parameter curves are 
asymptotic curves. 


Corollary 18. Let & = X(s,v) be a type-II Smarandache ruled surface defined by (56) in E° via 
to RMDF (4). Then, the s and v-parameter curves of & are principal curves. 


4. Example 
Let consider a surface M = M(s, v) parameterized by 


M(s,v) = (cos (=) + V2sinv, sin (=) + V2cosv, =): 
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The s-parameter curve g(s) = ) = (cos (a) in( =), =) lying on M = M(s, v) (see 
Figure 1). Then, the Darboux frame of g(s) on M are given, respectively, by 


= al (Za) Ga)) . 
RO al cos (5) ae) *(a) a (Sa) a) 
corona) Same (Gavon (a) Sa) 8) 

fr =e a 


ia-2) (J 5)) bo) + Blom (F) 
== (3) -«()] (Za) Zale 


Given the parametric equations below and these vectors and definitions, the graphs of 
type-II Smarandache ruled surface are shown in Figures 2, 3, and 4, respectively. 


¥(6,0) =2$*{ 00s ( + 5) +sin (5 5) sin ( + ) cos (5) 


+ Vafeos(§) ~sn ($)] sm ($3) 14008) +580 (5)} 
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Figure 4. The type-I] Smarandache ruled surfaces &, &, and A along 13. 


5. Conclusions 


This study focused on the construction of type-II Smarandache ruled surfaces, with 
their base curves being Smarandache curves derived from rotation minimizing Darboux 
frame vectors of the curve in E3. The direction vectors of these surfaces were unit vectors 
that transformed the Smarandache curves. The Gaussian and mean curvatures of the man- 
ufactured ruled surfaces were calculated separately with the requirement of being either 
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minimum or developable. Graphs of these surfaces were generated, along with an example 
provided for each surface. Through this research, we have successfully examined and 
presented the characteristics and properties of these type-II Smarandache ruled surfaces, 
contributing to the understanding and exploration of this specific class of surfaces. Further 
investigations and applications of these surfaces in relevant fields are encouraged. 
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